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INTRODUCTION

This document outlines a basic framework for time-domain solutions to Maxwell’s
equations in three-dimensional geometry. The outer limits of the computational domain
consists of absorbing layers as described by Berenger (References 1 and 2). The
computational domain grid consists of square cells as described by Yee (Reference 3).

MAXWELL’S EQUATIONS

Following Berenger (References 1 and 2), we include anisotropic electric
conductivity o and magnetic conductivity 6. We assume that the media is non-
permeable and the permittivity € is non-dispersive. The full set of coupled Maxwell’s
equations are written as

£, Ty - 2 (H, + 1) M
§%+i’fc§£1€u .=-§g(?yz +H,) @)
%ﬁ%“ﬁi&%‘ = -;Z—(ny +H,) 3)
-i--a-a%i-a-i’?—wﬁ = -%—(Hu +H,) @)
€9y 40 p 2 (h, +H,) | (5)
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10H,, 470, Y
24— YH =——(E
— + - H, ay( u+Ezy) (7

10H_, 4no, ]

- tH =—I|\E_+E 8
c ot * c = az( T "'x) ®)
190H,, 4no; .9

—2rt+—tH =——|E_+E 9
c ot c " az( ° ’Z) ®)
10H, 4ro. 0

2w M0y 2 (E +E, 10
c ot c Bx( = z’) (19)
108, 40y -9 (E,+E,) (11)
c ot c x ?

H_ 4no.
198y 470y =2 (5, +E,) (12)

c ot c T 9y

The purpose of anisotropy in the conductivity, and the splitting of the electric and
magnetic fields, is to dllow the freedom to selectively create absorption along specified
directions. Further, these conductivities and the field splitting are non-physical and are
introduced only to create a perfectly matched absorbing shell that surrounds the
computational domain. The absorbing shell is designed to simulate an infinite sized
domain by virtue of the lack of reflected fields.

We now rewrite Equations 1 through 12 by using identities of the following form.
Multiply Equation 1 by exp[477:0'yt /8] and we see that

€0 4notfe 4no tfe £ aEx\ 4”0-v
EQ[pmontep | gtonte| En L 2T
¢ at[ x" ] [c ot c 7
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Comparing this with Equation 1, we can rewrite Equation 1 (and similarly, Equations 2

through 12) as
9 d

%E{exp[wwyt / 8]En} = exp[47£0'yt / 8]—8;{112" + Hz),}
€9 O fp
;gt-{exp[47wzt/ S]Exz} = —exp[470.t/ 8]§;{Hﬂ + ny}
E—a—{exp[47w' t/€]E }= exp[4no t/e]i{H +H }
c ot : ¥ P “ilggt Y
€0 d
;g{exp[émaxt/e]va} = —exp[47£0‘xt/8]5;{Hu + sz}
E.a_{ex' [470.t/€]E,, } = exp|4nc t/e]i{H +H,}
c at P x 2 p x ax yz %
E%{exP[Mw‘yt /S]Ezy} = —exp[47t0'}_t / 8]%{H o+ sz}

-l—i{ex [4750'*t]H }= —ex [4750'*1‘]1{E +E }

¢ ar L PO P PO A

-l——a-{ex [47r0'*t]H }= ex [477:0'*1‘]-8—{E +E }

¢ at p 4 Xz p 4 az yz »x

%%{exp[MrO': I]H_vz} =— CXP[‘WO' ot ]%{Ex.v + Exz}

%%{exp[Mw:t]ny} = CXP[‘WO':I ]%{Ea + Ezy}

(13)

(14)

(15)

(16)

17)

(18)

(19)

(20)

€39

22)
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l%{exp[4750':t]H }=—exp[47w t] {E +E, } (23)

_l.%{exp[Mm';t]sz} = exp[471:0‘;t]%{Exy + EXZ} 24)

Equations 13 through 24 represent our coupled set of Maxwell’s equations to solve after
they are written with finite difference approximations for the space and time derivatives.
These equations are explicitly written with ¢, # 0 and ¢ # 0 and this occurs only when

certain points in the computational domain are in an absorbing boundary layer. In such a
region, impedance matching dictates that

y * c *
% g5, Do, Szo (25)
£ .

In any region of the computational domain that is outside an absorption region,
0;=0; =0, and in their continuous form, this means that Equations 13 through 24 can

be combined into the usual form of Maxwell’s equations with

E,+E,=E, and E, +E,=E, and E, +E, =E, (26)

H, +H,=H, and H,+H_ =H, and H, +H_ =H, 27)

SPACE AND TIME DISCRETIZATION

In order to write Equations 13 through 24 in finite difference form, we let a point in
space be represented by (References 3 and 4)

(i,J,k) = (iAx, jAy, kAz) (28)

and a function of space and time by
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F'(i, j,k) = F(iAx, jAy,kAz,nAr) (29)

where i, j, k, and n are integers. We want to use centered space and time derivatives to
achieve accuracy O(Ax?), etc., and O(Ar?). Notation for space derivatives has the form

oF"(i,j,k) _F"(i+1/2,j,k)—F"(i—1/2,j,k)

+O(Ax* 30
. A (Ax") ‘ (30)
and time derivatives are similarly written
nes s nel/2 s 2 PN pn=l2.. - ’
aF (l,Jak) - F (l,],k) F (l,]ak) + O(Atz) (31)

ot At

A three-dimensional grid composed of square cells will characterize the computational
domain. Equations 13 through 24 will be discretized over a three-dimensional Yee cell
(Reference 4) as shown in Figure 1. For the case where a space grid point (i, j, k) lies
within the absorption shell, Equations 13 through 24 are written differently for the side,

E
E, .~ M~

y\

E, \E,

EZ \ AE/ Hy

i.iK  E

FIGURE 1. Computational Domain Unit
Cell in Cartesian Coordinates.
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edge, or corner regions of the shell. In a corner region of the absorption shell, we want
absorption i(: occur in all three directions and generally, at a given point in a corner, all
three 0; quantities are non zero and different. In an edge region of the absorption shell,

one of the o; quantities will be zero since absorption will occur in two of three
directions. The remaining two nonzero o ; quantities will generally be different at a point

in an edge. For either the corner or edge region, Maxwell’s equations take the general
form

FIELD POINT IN CORNER OR EDGE REGION OF THE ABSORPTION
SHELL

cAt
Aye(i+1/2,j,k)

—477:At0'_v(i +1/2,j,k)
e(i+1/2,j,k)

E)'i+1/2,j5,k)= eXp( )E;,(i+1/2,j,k)+

(-ZnAtO'y(i +1/2,j,k)
X ex

Hn+112 l+1/2, '+1/2’k -H"+l/2 i+1/2, .—1/2,k 32
ESYENT ){ ¢ J )-H J ) (32)

+HI 4172, 41/ 2,00~ H(i+1/ 2,5 =1/ 2,k)}

cAt

—4nAto, (i +1/2,j,k) |
Aze(i +112,],k)

e(i+1/2,f,k)

E;*‘(i+1/2,j,k)=exp( ]E;(i+1/2,j,k)—

ox ( —27AtG, (i +1/2,j,k)

H G +112,5,k+1/2)=H 2 (i+1/2,5,k-1/2) (33
NESYERTS ){ U j )—H; 7 ( J ) (33)

+H(i+1/ 2,j,k+1/2)—11§;“2(i+1/2,j,k-1/2)}
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cAt
Aze(i,j+1/2,k)

—4mAto,(i,j +1/2,k)
€G,j+1/2,k)

EX(G,j+1/2,k)= exp( )E;z(i’j H2R

=27Ato (i,j+1/ 2,k
xexp( mAto (i, j )

H' G j+1/ 2,k +1/2) = H22 (i +1/12,k=-1/2) (34
£, +1/2,k) ){ - Y -

+HYR G 41 2,k +112) = HE2 (6, j+1/ 2,k -1/ 2)}

—47AtG (i, j +1/ 2,k)
£(i,j+112,k)

cAt
Axe(i,j+1/2,k)

n+l e o - n e .
E,j +1/2,k)-exp( )ny(t,]+1/2,k)—-

(—27:At0'x(i, j+1/2,k)
X exp

Hn-l-llZ i+1/2, '+1/2,k _H"+”2 i—l/2, .+1/2,k 35
£Gj+1/2.6) ){ < (Tl TR $

+ H 12,5410 2,k) - HY (=11 2,51/ 2,00}

—4nAto, (i, j,k+1/2)
&, j,k+1/2)

EG,jk+1/2)= exp( )E;(i,f’k 172+ =

Axe(i, j,k+1/2)

X exp —27[At0'x(l’],k+l/2) {H::”z(l"i'l/z,jsk+1/2)—H:z+l/2(i_1/2’j’k+l/2) (36)
(i, jk+1/2) : '

+H @ +1/2,5,k+1/2) - H;;'”(i—l/z,j,k+1/2)}
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cAt
Aye(i, j,k+1/2)

—47rAt0'y(i,j,k +1/2)
&1, j,k+1/2)

E:v+](i,j,k+1/2)=eXP( )Ez”y(i,j,k+1/2)~—

(—ZnAtay(i,j,k +1/2)
X exp!

H™ G j+1/2,k+1/2)-H™ (G, j-1/12,k+1/2) (37
EYVEVES ){ G )= H G ) (37)

+ HI (G, 41/ 2,k +1/2) = B (6, j -1/ 2,k +1/ 2)}

H™ (i, j+1/ 2,k +1/ 2) = exp(-4mAtc) (i, j+1/ 2,k +1/ 2))H (6 +11 2,k +1/2)
cAr ., . . 0. 7 s
-—A—exp(-zmto_v(z,, +1/2,k+1/ )] ELGj + 1,k +112) = EL (i j.k +1/2) (38)
y

+EN G, j+1k+1/2)— EL(i, .k +1/2)}

HM G, j+112,k+1/2) = exp(—47ZAt0':(i, jH+1/2,k+1/ 2))H;;”2(i, j+1/2,k+1/2)
cAt ... n e n e
+ z;exp(-—ZnAtGZ (j+1/12,k+1/ 2)){5‘_2(1,] +1/2,k+1)~E (i,j+1/2,k) 39

+EN G, j+1/ 2,k + 1) - EL(i,j +1/2,0)}

H™2(i+112,j,k +1/2) = exp(—47At0] (i +1/ 2, j,k+ 1/ ))Hy (i +1/ 2, j,k +1/2)
A xp(-2mArG" (i +1/ 2, ),k +11 DY ELG+172,j,k+1) = EL (i ' 40
—Z;-exp(— oL (i +112, .k +11 W EL i +1/2,j,k+1) = EL(i+1/2,],k) (40)

+E;’z(i+1/2,j,k+1)—E:z(i+1/2,j,k)}
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HYi+112,j,k+1/2) = exp(-4nAtoy (i +1/ 2, j,k+1/ 2)H, (i +1/ 2,7,k +1/2)
cAt * . . n oy . n s o»
+—A—xexp(~2ﬂAtO'x(l +1/2,j,k+1/ )W EL (i +1,j,k +1/2) - E5, (i, jk+1/2) @1

+EN(i+1,j.k+1/2)- E(i,j.k+1/2)}

HM (i +1/2,j+1/2,k) = exp(-47zAzaj;(i'+ 1/2,j +1/2,k))H;‘“2(z +1/2,j+1/2,k)
cAt

——A:exp(—ZﬂAtO':(i +1/2,j+1/ 2, ELG+1,j+1/ 2,k) = EL,Gi,j +1/ 2,k) (42)

+ELGi+1,j+1/2,k) - E0Gi,j+1/2,k)}

HEM2(i+112,j+11 2,k) = exp(~47mAta (i +1/2,j+1/ 2, k) H (i +1/ 2,5 +1/ 2,k)
cAt * . . n s . n ;. .
+ A—exp(—2ﬂ:At0'y(t +1/2,j+1/ 2,0 EL i +1/2,j+1,k) - EL (i +1/2,j,k) (43)
. : ;
+EL(i+1/2,j+1k) - EL(i+1/2,j,k)}

In the event a point lies in a side region of the absorption shell, then two of the o,
quantities vanish and the remaining ©; quantity creates absorption in a direction

perpendicular to the side. In this case, by using Equations 26 and 27, Equations 32
through 43 simplify from 12 unknowns to 10 unknowns.
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FIELD POINT IN ABSORPTION LAYER THAT IS PERPENDICULAR TO
x DIRECTION: 0, =0, =0

cAt

E™i+1/2,j,k)=E"(i+1/2,j,k) + ————
« J x 7k £Gi+1/2,],k)

[{EG+172,j+112,0-

H™ 2641/ 2,7 =1/ 2,k)+ HY (i +112,j+11 2,k)— Hy (i +1/ 2,j-1/2.0)} /Ay

(44)
HH G411 2,5,k+112) = H, 2@ +11 2,1,k =11 2)+ HiP (0 +11 2,k +1/2) =
HYV (i +1/2,j,k~1/2)} /7]
' At
E(i,j+1/2,k) = EL (i, j+1/ 2,k) + —————
n )= B @i +1120
(45)

){H (i, j +11 2,k +1/2)— H""(i, j +1/ 2,k -1/2)}/Az

—4nAto, (i,j+1/2,k)
e, j+112,k)

cAt
e, j+1/2,k)

-E_::!(i’j +1/2,k)= eXp( )E;’x(i,j +1/2,k)+

2nAto (i,j+1/2,k
xexp( UL CY) )

H™M2 4172, +112,k) - H -1/ 2,j+1/2,k) (46
ol ){ G412, )— B j ) (46)

+HIM (411 2,5+ 11 2,k) = H' -1/ 2,j+1/2,k)}/Ax

10
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cAt

—AnAto (i, j,k+1/2) e
e, j,k+1/2)

e, j,k+1/2)

E™\(i,jk+1/2)= exp( )E;(i,j,k+1/2)+

(—ZZAtO'x(i, jk+1/2)
X exp|

H 2 (i+1/2,j,k+1/2)-HM(i-112,7,k+1/2)
i k+1/2) ){ ¥ ( J v

+ 4172,k +172) = H (=11 2,5,k +1/2)} [Ax

cAt

E™G,jk+1/2)=E"(@i,jk+1/2)— ————
o (b )= By ) £(i,jk+1/2)

x{HI @5 +1/ 2,k +112) = HI'P(0,j -1/ 2,k +1/2)} [Ay

HM (6, j+1/2,k+1/2)=H"" (6, j+1/2,k+1/2)
—cAt[{E;(i,j+1,k +1/2)-E, (i,j,k+1/2)+ Ez"y(i,j+1,k +1/2)
~ Bl G, j.k+1/2)} [Ay +{ELG,j +1/ 2,k +1) - EL(i,j +1/ 2,k)

+ELG,j +1/ 2,k +1) = ELG,j +1/ 2,00} /Ac]

H(i+172,5,k+1/2)=H " (i+1/2,j,k+1/2)

—cA{Eli+1/2,j,k+ 1)~ Eli+1/2,j,k)} /A2

11

(47)

(48)

(49)

(50)
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H"(i+1/ 2, ),k +1/2) = exp(-47mAt07 (i +1/ 2, j,k +1/ DVHT (i +112,j,k+1/2)
+cAtexp(-2mArG (i +1/ 2,5,k +1/ DN ELG+1,j,k+1/2) = EL(j,k+1/2)  (S1)

+EN(i+1,j.k+1/2)— E5 G, j.k +1/2)} [Ax

H™V2 417 2,5+ 1/ 2,k) = exp(—4mAro), (i +1/ 2, +1/ 2, k) H 2 (i +1/2,j+1/ 2,k)
— cAtexp(-27Ato (i+1/2,j+1/ 2,k)){E;;(i +1,j+1/2,k) = E0 (i, j +1/2,k) (52)

+ELG+1,j+1/2,k) = EL G, j+1/ 2,0} [Ax

Hn+lIZ(i+1/2,j+1/2,k)= H"_llz(i+1/2,j+1/2,k)
2y ¥
(33)

+cA{ENi+1/2,j+1L,K)— El(i+1/2,j,k)} [Ax

FIELD POINTS IN ABSORPTION LAYER THAT IS PERPENDICULAR TO
y DIRECTION: 6, =0,=0

—47ALo (i +1/ 2, j,k)
e(i+1/2,j,k)

cAt
e(i+1/2,j,k)

E;’;‘(i+1/2,j,k)=exp( jEx".v(“l/z’j’k”

(—ZnAtGy(i +1/2,j,k)
X exp

HV(i+1/2,j+1/2,k) - HL' (i +1/2,j -1/ 2,k) (54
e(i+1/2,j,k) ){ =S ’ e : o

+HIM 4112, +112,k) - H"(i+112,j-1/2,0)} /Ay

12




NAWCWD TP 8447

At
E™i+1/2,j,k)= EL(i+1/2,j k) - ———————
ei+1/2,j,k)
(55)
x{HI™2 (i +1/2,5,k+1/2)= B (1 +1/2,j,k=1/2)} [Az
cAt

E™ G, j+1/12,k)=E"(i,j +1/2,k) + —————
(b V=5, ) e(i,j+1/2,k)
x[{H;’y“'z(i,j+1/2,k+1/2)—H;’y“”z(i,j+1/2,k—1/2)+H;'z“”2(i,j+1/2,k+1/2)

(56)

—H G, j+ 11 2,k =11 2)} [Az+ {HI i +11 2,j+11 2,0) = H (i =112, +1/ 2,k)

+H (4112, +112,k) - I (i-112,j+1/ 2,0} Ax]

cAt

E™ Li,k+1/2)=E"(i jk+1/2)+———————
= (0] )=E.J ) £@i,j.k+1/2)

(57
x{HI™ (0411 2,5,k +1/2)- H"(i-1/ 2,7,k +1/ 2)} [Ax

cAt
e, j,k+1/2)

-47L'At0'y(i, J.k+1/2)
£, j,k+1/2)

E:v+x(i,j,k+1/2)=exp( ]Ez';(i,j,k+1/2)—

(—ZnAtoy(i, Jk+1/2)
X eXp

HMGi+1/2,k+1/12)-H2 (36,7 -112,k+1/2)(58
RTEYE) ){ G, )~ HI'2 G, )(58)

+HI G, 1 2,k +112) = HE2 (G j =1/ 2,k +1/ 2)} Ay

13
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HYG,j+1/2,k+1/2) = exp(—47mzo;(i,j +1/2,k+1/ 2))H;'y‘”2(i,j +1/2,k+1/2)
— cArexp(—2mA1G) (i, j+1/ 2,k +1/ 2){ En (i, j + 1,k +1/2) = EL (i, jik +1/2) (59)

+ EN(i,j +Lk+1/2)~ EL (i, j.k+1/ 2)} [Ay

HV 6, j+11 2,k +1/2)=H, " (i,j +1/ 2,k +1/2)

(60)
+ At {E G, j +1/ 2,k +1) = E;(i, j +1/ 2,k)} [Az
H™(i+112,7,k+1/2)= H™ (i +1/2,j,k +1/2)
—eM{EL(1+112,j,k+ D)= EL(i+1/2,j,k)+ EL(i+1/2,j,k+1)
(61)
~ELG(i+1/2,j,k)} Az —{EL(i +1,7,k+1/2) - E. (i, j,k +1/2) |
—ENi+1,j,k+1/2)+ ELG,j.k+1/2)}/Ax]
HMPi+172,j+1/ 2,k)=H, 2 (i+1/2,j+1/2,k)
(62)

—cA{ENi+1,j+1/2,K) = El(i,j +1/2,k)} [Ax

14
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H'(i+1/2,j+1/2,k)= exp(-47zAta;(i+1/2,j+1 / 2,k))H;‘“2(i+1/2,j+1/2,k)
+cAtexp(-27AtG) (i +1/2,j+1/ 2, ) EL (i +1/ 2, j +1,k) = EL (i +1/2,],k) (63)
+EL(i+1/2,j+1,k) = EL(i+1/2,j,k)} /Ay

FIELD POINTS IN ABSORPTION LAYER THAT IS PERPENDICULAR TO
z DIRECTION: 0, =0,=0 -

At

E™G+1/2,ik)=E" (G+1/2,ik)+ ——a
w ¢ 120)=Ey 7:6) i +1/2,],k)

(64)

x{H™2 4112, +112,k) - H™ (i +1/2,j -1/ 2,k)} /Ay

cAt

~4nAto,(i+1/2,j,k)
e(i+1/2,j,k)

e(i+1/2,j,k)

E;*‘(i+1/2,j,k)=exp( )E;(i+1/2,j,k)—

ox (—ZICAZ‘O'Z(I +1/2,j,k)

H™2 4172, 5.k +1/2) = H™ G +1/2,5.k—=1/2) (65
eG+1/2,7.k) ){ n ¢ ’ I ! )

+H 4112,k +112) = HIP i+ 11 2,5,k =1/ 2)} Az

cAt

—4nAto (i, j+1/2,k) —_r
(i, j+1/2,k)

(i, j+1/2,k)

EX'(i,j+1/2,k)= exp( )E:z(i, J+1/2,k)+

ox (—27:At0'z(z, j+1/2,k)

H' G j+112,k+1/2)-H" G, j+1/12,k-1/2) (66
€(i,j+1/2,k) ){ n () )-H G ) (66)

+H;+l/2(i,j+1/2,k+1/2)_H;+112(i,j+1/2,k—1/2)}/AZ
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.CAt

E™'(i,j+1/2,k)=E"(,j+1/2,k)+ ———
w (] )= Byl ) (i, j+1/2,k)

(67)
s {HI 4172, 411 2,k) = BV =1/2,j +1/ 2,00} /Ax

cAt
(i, j,k+1/2)

E™(i,jk+1/2)=E/Gi,jk+1/2)+
x[{H G+ 172,k +112) = B =112,k +112)
FHTV4112,j,k+112)= HI (=11 2,k +1/ 2)} [Ax (68)

-{Hgf"z(i,j+1/2,k+1/2)—H;,*”2(i,j—1/2,k+1/2)

+H:z+”2(i,j+1/2,k+l/2)—-H:”2(i,j"]/2’k+1/2)}/Ay]

HIY? G, +1/2,k+1/2)= H G, j+1/ 2,k +1/ 2)
(69)

— cAH{E! i, j + 1k +1/2) = El(i,j,k+1/2)} /Ay

H™ 2, j+11 2,k +112) = exp(—4mAto, (i, j +1/ 2,k +1/ 2))Ho (i, j +1/ 2,k +1/2)
+ cArexp(—2aAt05 (i, j +1/ 2,k +1/ DN EL G j+1/ 2,k +1) = E, G, j +1/2,k) (70)

+E, (i,j+1/2,k+1)— Ev",(i,j+1/2,k)}/Az

16
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HI(i+172,j,k+1/ 2) = exp(-4mAto] (i +1/2,j,k +1/ 2)H (i +1/ 2, j,k +1/2)
— cAtexp(-2mAte] (i +1/2,j,k +1/ 2] EL (1 +1/2,j.k + )= EL(+1/2,5,k) (71

+EL(i+1/2,j,k+1) = EL(i+1/2,j,k)}/Az

HP+112,j,k+1/2)= B +1/2,j,k+1/2)

(72)
+cAt{E[(i+1,j,k+1/2)~ E/ (i, j,k +1/ 2)} [Ax
HM(i+1/2,j+1/2,k)=H""@(+1/2,j+1/2,k)
—cM{Eyi+1,j+1/2,k) = EL(6,j +1/ 2,K)
+E,(i+1,j+1/2,k)- E,(i,j+1/2,k)} /Ax (73)

~{E(+1/2,j+Lk) - ELGi+1/2,j,k)

+EL(i+1/2,j+1,k) - EL(+1/2,j,0)}/Ay]

However, since most of the computational effort will be spent outside an absorption
region, the Berenger anisotropic absorbing conductivities ¢; and 0'; (G=x,y,2) will be
set to zero most of the time. In this case, Equations 32 through 43 will simplify. If we
are outside of a Berenger absorbing region, but there are physical regions consisting of
ordinary conducting media in the computational domain, rather than set ¢; and 0'; =0,

we can let 0; =0 and 0'; =0 where O is a spatially dependent scalar conductivity. In

the event we are outside of a Berenger absorbing region and there are no conducting
media (o = 0), then the spatial dependence of € describes the dielectric permittivity which

characterizes the structure being studied (waveguide or whatever). For the case where -

0;=0,and 0} =0, Equations 32 through 43 simplify to

17
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FIELD POINT OUTSIDE ABSORPTION SHELL: 6, =0,=0,=0 AND
0,=0,=0,=0

cAt
e(i+1/2,j,k)

—AnAto(i+1/2,j,k)
e(i+1/2,j,k)

E:“(i+1/2,j,k)=exp( )Ej(i+1/2,j,k)+

y exp(—zmw(m 1/ 2,j,k)){H;*”2(i+1 12,j+112,k)—H""(i+1/2,j-1/2,k)

(74)
&(i+1/2,j,k) Ay
HY (i +172,j,k+1/2)-H""(i+1/2,j,k=1/2)
Az
—4mAto (i, j
E:'“(i,j+1/2,k)=exp( TG 41 2H) Ny 5172, + —2
: €@, j+1/2,k) ! £, j+1/2,k)
xexp(—ZnAta(i,j+1/2,k)j{H;’*”2(i,j+1/2,k+1/2)—H;'*“Z(i,j+1/2,k—1/2) 75)
e, j+1/2,k) Az
HM(i+1/2,j+1/12,k)— H™"(i-1/2,j+1/2,k)
Ax
Aro(i §
B k+1/2) = exp| AOGLKA D oy i p 12y — AL
: £(i, j,k+1/2) : £(i, j,k+1/2)
—2nAtoG, ok +1/2) [ B +172,,k+1/2) = H ™" -1/2,j,k+1/2)
X exp - : (76)
£, j,k+1/2) Ax

CHj+1/2,k+1/2)- HIM G —-1/2,k+1/2)}
Ay
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H:+”2(i,j+1/2,k+1/2)= H:_llz(i,j+1/2,k +1/2)

(77)
At{E:(i,j+1,k+1/2)—-Ez"(i,j,k+1/2) E/Gj+1/2k+)-EGj+1/2k)
Ay Az
H™(i+1/2,j,k+1/2)=H (i +1/2,j,k+1/2)
g B 2,5 k4 D)= BN +1/2,j,k) _ElG+Ljk+1/2)- ElGjik+1/2)
Az Ax
HI'(i+112,j+1/2,k)= H™ (0 +1/2,j+1/2,k)
(79

o BOHLI A 20 -G +1/20)  ElG+1/2,j+ LK)~ E/(+1/2,),k)
Ax Ay

19
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